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ABSTRACT
Hemispherical power asymmetry has emerged as a new challenge to cosmology in
early universe. While the cosmic microwave background (CMB) measurements indi-
cated the asymmetry amplitude A ≃ 0.07 at the CMB scale kCMB ≃ 0.0045Mpc
−1,
the high-redshift quasar observations found no significant deviation from statistical
isotropy. This conflict can be reconciled in some scale-dependent asymmetry models.
We put forward a new parameterization of scale-dependent asymmetric power spec-
trum, inspired by a multi-speed inflation model. The 21-cm power spectrum from the
epoch of reionization can be used to constrain the scale-dependent hemispherical asym-
metry. We demonstrate that an optimum, multi-frequency observation by the Square
Kilometre Array (SKA) Phase 2 can impose a constraint on the amplitude of the
power asymmetry anomaly at the level of ∆A ≃ 0.2 at 0.056 . k21cm . 0.15Mpc
−1.
This limit may be further improved by an order of magnitude as ∆A ≃ 0.01 with a
cosmic variance limited experiment such as the Omniscope.
Key words: cosmology: dark ages, reionization, first stars - methods: statistical -
methods: analytical
1 INTRODUCTION
Common wisdom has it that there exists no preferred loca-
tion or preferred direction on large scales in our universe,
as dictated by the cosmological principle, namely, that the
background of this universe is isotropic and homogeneous
at cosmic distances. Tiny quantum fluctuations in density
at early era can give rise to primordial inhomogeneities
and seed the large-scale structure (LSS) that we see today
(Mukhanov et al. 1992). In standard paradigms of the very
early universe, such as the inflationary cosmology (Guth
1981; Linde 1982; Albrecht & Steinhardt 1982; Starobinsky
1980; Fang 1980; Sato 1981), these primordial density fluc-
tuations result in a nearly scale-invariant power spectrum of
curvature perturbation, which has been confirmed in high
precision by cosmic microwave background (CMB) observa-
tions (Bennett et al. 2003; Hinshaw et al. 2013; Ade et al.
2016a).
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However, some potential deviation from statistical
isotropy in the temperature fluctuations has been indicated
by CMB experiments for years, which is known as the
CMB anomaly of hemispherical power asymmetry. This
asymmetry, i.e. the dipolar modulation of the CMB tem-
perature at cosmological scales, was first pointed out by the
Wilkinson Microwave Anisotropy Probe (WMAP) satellite
(Eriksen et al. 2004; Hansen et al. 2004; Eriksen et al.
2007; Hoftuft et al. 2009), and further reported by the
Planck team with about 3σ significance level (Ade et al.
2014; Akrami et al. 2014; Ade et al. 2016b). The ampli-
tude of this asymmetry, which is often parametrized by
a dimensionless parameter A, is found to be A ∼ 0.07
and ∆A ∼ 0.02 (Ade et al. 2016b) at large scales (corre-
sponding to small ℓ), ℓ . 64. However, at small scales,
results from both Sloan Digital Sky Survey (SDSS) quasar
sample observations (Hirata 2009) and the CMB high
ℓ power spectrum measurement (Aiola et al. 2015) are
consistent with statistical isotropy, i.e. the power asym-
metry is constrained by |A| < 0.0045 for ℓ & 600. The
conflict between the large and small scale measurements
raises a challenge for theoretical paradigm of the early
universe. To reconcile this conflict, it was suggested that
c© 2019 The Authors
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the amplitude of power asymmetry shall be strongly scale-
dependent (Erickcek et al. 2008b,a; Watanabe et al.
2010; Dai et al. 2013; Lyth 2013; Liu et al. 2013;
McDonald 2013; Namjoo et al. 2013; Liddle & Corteˆs 2013;
Mazumdar & Wang 2013; Abolhasani et al. 2014; Cai et al.
2014; Kohri et al. 2014; Kanno et al. 2013; Firouzjahi et al.
2014; Lyth 2015; Namjoo et al. 2014; Kobayashi et al. 2015;
Kothari et al. 2016; Jazayeri et al. 2014; Wang et al.
2016; Mukherjee & Souradeep 2016; Byrnes et al.
2016b,a,c; Yang et al. 2017; Ashoorioon & Koivisto 2016;
Jazayeri et al. 2017). In general, this power asymmetry
could be modelled as a modulation of certain physical
parameters that can affect the power spectrum of CMB
anisotropies. For instance, in the multi-speed inflation mod-
els (Cai & Xia 2009; Cai & Xue 2009) the hemispherical
power asymmetry can be interpreted as a consequence of
the spatially varying modulation of primordial sound-speed
parameter during inflation (Cai et al. 2014; Wang et al.
2016).
In order to investigate in detail the scale dependence
of the hemispherical power asymmetry, a number of
studies have been made extensively on the observables
of statistical anisotropy for which characteristic scales
lie between large and small scales, e.g. Pullen & Hirata
(2010); Baghram et al. (2013); Alonso et al. (2015);
Pitrou et al. (2015); Pereira et al. (2016); Shiraishi et al.
(2015); Hassani et al. (2016); Zibin & Contreras (2017);
Bengaly et al. (2017); Shiraishi et al. (2016, 2017);
Khosravi et al. (2018). Shiraishi et al. (2016) pointed
out that the angular power spectrum of the 21-cm fluctu-
ations from the dark ages could open a new window for
testing the power asymmetry. The 21-cm line corresponds to
the hyperfine transition of atomic hydrogen. Therefore, the
density fluctuations of neutral hydrogen can leave imprint
on the 21-cm temperature anisotropies (Loeb & Zaldarriaga
2004; Bharadwaj & Ali 2004). In contrast with the CMB
map in which cosmological information is two-dimensional
at the last scattering surface, the 21-cm observations can
make a three-dimensional mapping which covers most of
observable volumes within our horizon(Mao et al. 2008;
Loeb 2012). Consequently, the 21-cm mapping can offer
the constraints on various astrophysical and cosmological
models (Cooray 2005; Pillepich et al. 2007; Mun˜oz et al.
2015; Shimabukuro et al. 2016) in the early universe
(Lewis & Challinor 2007). In particular, the tomographic
21-cm mapping from the epoch of reionization (EoR) could
place the constraints on cosmological parameters with the
unprecedented level of accuracy (Mao et al. 2008, 2013).
In this paper, we employ the power spectrum of 21-
cm fluctuations from the EoR to investigate the scale de-
pendence of the amplitude of hemispherical power asym-
metry. To describe its scale dependence, we put forward a
new parametrization of the asymmetry amplitude as a func-
tion of the comoving wavenumber, inspired by a type of the
multi-speed inflation models. Based on this new parameteri-
zation, we forecast the constraints from 21-cm cosmology on
the asymmetry amplitude at different scales.
Our paper is organized as follows. In Section 2, we in-
troduce a new parametrization form of the amplitude of the
scale-dependent power asymmetry, and then model the 21-
cm power spectrum during the EoR with the effect arising
from this new parametrization. In Section 3, we employ the
Fisher matrix formalism to estimate the error of the hemi-
spherical power asymmetry measurements with the 21-cm
observations using future interferometer arrays. We make
concluding remarks in Section 4.
2 THE 21-CM POWER SPECTRUM WITH
SCALE-DEPENDENT POWER
ASYMMETRY
In this section we begin with a brief discussion on the primor-
dial origin of the hemispherical power asymmetry and pro-
pose a new parametrization including the scale-dependent
effect that is advocated by some inflation models, such as
the multi-speed inflation model. We then study the power
spectrum of the 21-cm brightness temperature fluctuations
during the EoR under this parametrization.
2.1 A new parametrization of the scale-dependent
power asymmetry
The hemispherical power asymmetry, as indicated by the
WMAP and Planck experiments, can be modelled as the
dipolar modulation of density fluctuations with respect to
some special direction. The scale-dependent power spectrum
of primordial curvature perturbations under this modulation
can be written as (Wang et al. 2016)
Pζ(k,n, z) = P
iso
ζ (k, z)
[
1 + 2A(k)p · n
]
, (1)
where P isoζ (k) is the isotropic power spectrum, A(k) de-
notes the scale-dependent amplitude of dipolar asymmetry,
p · n reflects the dipolar modulation between the line-of-
sight (LOS) of the observer (with unit vector n) and some
preferred direction (with unit vector p).
For a simple version of the multi-speed inflation model,
two scalar fields are minimally coupled to Einstein grav-
ity during the inflationary epoch. While the inflaton field is
of the K-essence type, the entropy field may be canonical
but it can affect the scale dependence of the sound speed
parameter for the inflaton (Cai et al. 2014). As a result, a
scale-dependent power asymmetry can be induced by a spa-
tial variation of the sound speed parameter at large scales
by introducing a long wavelength perturbation from the en-
tropy field (Wang et al. 2016) without violating the bound
of over large primordial non-Gaussianities (Adhikari et al.
2016; Namjoo et al. 2014, 2013). In particular, for this type
of inflation models the amplitude of power asymmetry can
be approximated by a power law of ln(k). For instance, for
a type of string theory inspired inflation model (Wang et al.
2016), A(k) ∼ [ln(k)]3/2.
In light of the aforementioned relation, we parameterize
a generic scale-dependent form for the amplitude of power
asymmetry as follows,
A(k) = A0
[ ln(k/kLSS)
ln(kCMB/kLSS)
]na
, (2)
for k < kLSS. Here we set the pivot scales to be kLSS =
1 Mpc−1 and kCMB = 0.0045 Mpc
−1 (corresponding to ℓ
over 105 and ℓ = 64, respectively). The 21 cm surveys are
sensitive to k ∼ 0.1 Mpc−1, which corresponds roughly to
l = 600. Note that, when k = kCMB, A(k) = A0, and thus A0
MNRAS 000, 1–8 (2019)
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is constrained by the CMB observations such as the Planck
data. Moreover, when k = kLSS, the power asymmetry auto-
matically vanishes at the LSS scale in our parametrization
form. For simplicity, we take a cutoff of the power asymme-
try at the length scales smaller than the LSS scale.
2.2 The 21-cm power spectrum
The 21-cm line is the transition line of atomic hydrogen be-
tween two hyperfine states that are split from the ground
state due to the spin coupling of the nucleus and electron.
The 21-cm brightness temperature from a bulk of hydro-
gen gas depends on the matter density, the neutral fraction,
the velocity gradient and the spin temperature. During the
EoR, it is reasonable to assume that X-ray heating and Lyα-
pumping effects are so efficient that the HI spin temperature
is much greater than the CMB temperature. In this limit,
the power spectrum of 21-cm brightness temperature fluctu-
ations can be written as (Datta et al. 2012; Mao et al. 2013)
P∆T (k,n, z) = δ˜T
2
b x¯
2
HI
[
bρHI(z) + µ
2
k
]2
Pζ(k,n, z) , (3)
at large scales, with
δ˜T b(z) = (23.88mK)(
Ωbh
2
0.02
)
√
0.15
ΩMh2
1 + z
10
. (4)
Note that x¯HI is the global neutral fraction which implic-
itly depends on the redshift, and µk ≡ k · n/|k| (cosine
of angle between line-of-sight n and wave vector k of a
given Fourier mode). We can relate the neutral hydrogen
density fluctuations to the total matter density fluctua-
tions with a simple bias parameter, the neutral density bias,
bρHI(k, z) ≡ δ˜ρHI(k, z)/δ˜ρ(k, z). At large scales, the bias ap-
proaches to a scale-independent value, bρHI(z). Here, we as-
sume that the baryonic distribution traces the cold dark
matter distribution at large scales, so δρH = δρ. Also, we
assume that no additional hemispherical power asymmetry
was generated during the evolution of the universe, so the
dipolar modulation of the curvature perturbation is trans-
ferred to the 21-cm power spectrum with the same form.
The values of global neutral fraction x¯HI and neutral
density bias bρHI(z) rely on the modelling of cosmic reioniza-
tion. We follow the basic methodology in Mao et al. (2013).
In addition, we have neglected the contribution of primor-
dial non-gaussianities in density fluctuations in our case, and
hence bρHI(z) is scale-independent. To be specific, we con-
sider two methods as follows.
(i) Excursion set model of reionization (ESMR). The
ESMR (Furlanetto et al. 2004) is an analytical model that
can predict the evolution and morphology of reionization.
Its basic assumption is that the local ionized fraction
within a spherical region with comoving radius R is pro-
portional to the local collapsed fraction of mass in lumi-
nous sources if the mass of source is above some threshold
Mmin, i.e. xHII(Mmin, R, z) = ζESMR fcoll(Mmin, R, z), where
ζESMR is a free parameter characterizing the efficiency of
the mass in releasing ionizing photons into the IGM. Here
fcoll(Mmin, R, z), the local collapsed fraction smoothed on
scale R, can be calculated using the excursion set theory for
halo model.
The morphology of ionized regions can be determined
in the ESMR model in terms of the ionized density bias,
bρHII(z) ≡ δ˜ρHII(k, z)/δ˜ρ(k, z). It is related to the neutral
density bias by bρHI = (1 − x¯HII bρHII)/x¯HI. With Gaus-
sian initial condition and spherical collapse model, one finds
bρHII = 1+(2/δc)(∂ ln f¯coll/∂ lnSmin) (D’Aloisio et al. 2013),
where f¯coll(Mmin, z) is the global collapse fraction, Smin is
the variance of density fluctuations smoothed on scaleMmin,
and δc denotes the critical density in the spherical collapse
model. Since x¯HI(z) and bρHII(z) as a function of redshift are
set by the simple parameter ζESMR in the ESMR model, the
21-cm power spectrum is determined by three free parame-
ters (ζESMR, A0, na), given a fiducial cosmology and some
preferred direction p.
We note that, under this model, the power spectrum
has its own contribution to excursion probability and cor-
respondingly to the ionized fraction. However, since it is al-
ready an analytical simplification of the actual reionization
process, the contribution from the power asymmetry is triv-
ial and hence has been ignored in the present study.
(ii) Phenomenological (“pheno-”) model: We may treat
x¯HI and bρHII as free parameters which embrace our igno-
rance of reionization. These parameters at different redshifts
are independent. In this “pheno-model”, the 21-cm power
spectrum is determined by four free parameters (x¯HI, bρHII ,
A0, na) at each redshift. We evaluate the fiducial values of
the first two parameters using the ESMR model, so that the
comparison of the ESMR and pheno-model results is on the
same footing.
We should mention that the process of reionization can,
in principle, be affected by the power asymmetry in the mat-
ter power spectrum. Therefore, there could be a new bias pa-
rameter that quantifies the modification of the asymmetric
part of the 21-cm brightness temperature power spectrum.
However, it is a secondary effect of power asymmetry, so we
ignored this bias here for simplicity.
2.3 The 21-cm observations with radio
interferometric arrays
Radio interferometric arrays can measure the 21-cm bright-
ness temperature from coordinates Θ ≡ θx eˆx+θy eˆy+∆ν n,
where (θx, θy) is the angular position on the sky, and ∆ν
denotes the frequency difference from the redshift z∗ at the
center of a redshift bin. We adopt the flat sky approxima-
tion, which can be satisfied for each patch of sky when the
full, large, field of view is divided to many small patches.
In each patch, the observed Θ-coordinates are related to
the physical, 3D Cartesian coordinates, r (with origin at the
bin center) by Θ⊥ = r⊥/dA(z∗), and ∆ν = r‖/y(z∗). Here
dA(z) is the comoving angular diameter distance, y(z) ≡
λ21(1 + z)
2/H(z), where H(z) is the Hubble parameter at
z, λ21 = λ(z)/(1 + z) ≈ 21 cm.
The interferometric arrays measure the 21-cm power
spectrum through the intensities of signals corresponding
to the interference patterns of specified baselines, which are
different modes in Fourier space. The Fourier dual of the
observed Θ-coordinates, u ≡ uxeˆx + uy eˆy + u‖n (u‖ has
the dimension of time), is related to k (Fourier dual of r)
by u⊥ = dA(z∗)k⊥ and u‖ = y(z∗) k‖. Accordingly, the
power spectrum of 21-cm fluctuations in u-space is given by
P∆T (u, z) = P∆T (k, z)/(d
2
A y).
The range of accessible wave vector k as well as the noise
are determined by array configuration. We consider two up-
MNRAS 000, 1–8 (2019)
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Experiment Lmin (m) Ae(z = 6/8/12)[m
2] Ω[sr]
SKA 51 340/560/1170 pi(λ/54)2
Omniscope 1 1/1/1 2pi
Table 1. Specifications for 21-cm interferometer arrays. We as-
sume the bandwidth B = 6MHz for each redshift bin (Mao et al.
2008; also see the SKA technical book).
coming or proposed telescopes herein: the Square Kilometre
Array low frequency array (SKA-Low) 1, and the Omnis-
cope2 (Tegmark & Zaldarriaga 2009, 2010). In the Phase 1
of SKA-Low (“SKA1”), the antennae obey the Gaussian dis-
tribution. While there are totally 866 antenna stations in
a core region, about 650 stations are located inside the in-
nermost region of the core (with radius less than 1 kilome-
ter). The contributions from antennae outside this innermost
region are negligible. The design of the Phase 2 of SKA
(“SKA2”) has not yet been finalized. We follow the SKA
technical book3 and assume that the noise of SKA-Low in
Phase 2 is four times smaller than that in Phase 1. For Om-
niscope, we assume that a total of 106 antennae spread out
uniformly with occupation fraction close to unity. We list
the details of specifications in Table 1.
The noise of 21-cm measurements has two sources: syn-
chrotron radiation emitted by our Galaxy and noise of an-
tenna. The noise in power spectrum in u-space is given by
(McQuinn et al. 2006; Mao et al. 2008)
PN (u⊥) =
(
λTsys
Ae
)2
1
t0n¯(Lu⊥)
, (5)
where λ is the wavelength of the signal, Ae denotes effec-
tive collecting area, and t0 is the total observation time.
The system temperature is given by Tsys = 280K ((1 +
z)/7.5)2.3 (Wyithe & Morales 2007), where z is the red-
shift. For an interferometric array, a baseline L corresponds
to u⊥ = 2πL/λ. To reduce the noise, a Fourier mode
is measured in multiple times using redundant baselines.
The number of redundant baselines, n¯(Lu⊥)d
2L, for the
Fourier mode u⊥ corresponding to the baseline Lu⊥ , can
be evaluated for a given antenna distribution. The mini-
mum k⊥ is determined by the minimum baseline, k⊥,min =
2πLmin/(λ dA), e.g. k⊥,min = 0.0125Mpc
−1 for the SKA
and 0.0002Mpc−1 for the Omniscope, at z = 11.24. The
studies of (McQuinn et al. 2006; Lidz et al. 2013) demon-
strated that the foreground contamination can be neglected
for k‖ ≥ k‖,min = 2π/(yB), where B is the bandwidth of the
redshift bin, e.g. k‖,min = 0.055Mpc
−1 at z = 11.24. Thus
the minimum wavenumber that the 21 cm experiments can
probe is kmin =
√
k2
‖,min
+ k2⊥,min, e.g. kmin ≃ 0.056Mpc−1
at z = 11.24. Since we make the linear bias assumption
which is valid only at large scales, we set the maximum
wave number kmax = 0.15Mpc
−1. In principle, 21 cm ob-
servations can exploit a much larger number of modes at
smaller scales to constrain cosmology, but this requires so-
phisticated modelling of astrophysical processes involving
reionization and gas temperature, because the nonlinear
physics kicks in at the small scales. As such, we choose to
1 http://www.skatelescope.org/
2 http://space.mit.edu/home/tegmark/main_omniscope.html
3 https://www.skatelescope.org/key-documents/
work in the clean regime for cosmology, k ≤ 0.15Mpc−1.
The range of scales that 21-cm observations are sensitive
to, 0.056 . k21cm . 0.15Mpc
−1, stands between those of
the CMB and the LSS, thereby making the 21-cm line an
independent probe of the hemispherical power asymmetry.
To estimate the sensitivity of radio interferomet-
ric arrays, we employ the Fisher matrix formalism.
For a given set of parameters {λa}, the Fisher matrix
for 21-cm power spectrum can be written as Fab =∑
u
(
∂P∆T (u)
∂λa
)(
∂P∆T (u)
∂λb
)
/[δP∆T (u)]
2, where δP∆T (u) =
[P∆T (u) + PN (u⊥)] /
√
Nc. Here Nc is the number of inde-
pendent modes in that pixel, Nc = u⊥du⊥du‖ΩB/(2π)
2,
where Ω is solid angle spanning the field of view. We adopt
logarithmic pixelization, du⊥/u⊥ = du‖/u‖ = 10%. The
1σ forecast error of the parameter λa is given by ∆λa =√
(F−1)aa. Note that due to the power asymmetry, we pix-
elize the sky in the calculation of Fisher matrix. In a given
pixel, the power spectrum is affected by the angle between
the LOS of this pixel and the preferred direction, according
to Eq. (1). We calculate the Fisher matrix from each pixel
and add up the contributions of all pixels in the total field of
view of a survey. Thus the result of Fisher forecast depends
on the direction of the observed sky, unless an observation
like the Omniscope covers the whole sky.
Our fiducial cosmology is described as follows: ΩΛ =
0.68, ΩM = 0.32, Ωb = 0.049, H0 = 100h km s
−1Mpc−1
(h = 0.67), σ8 = 0.83, ns = 0.96, where these parameters are
consistent with the Planck 2015 results (Ade et al. 2016a)
and with the matter power spectrum of Eisenstein & Hu
(1997).
3 RESULTS
The power asymmetry is parametrized with two parame-
ters, A0 (the power asymmetry amplitude) and na (spec-
tral tilt characterizing the scale dependence), respectively.
In some inflation models, the value of tilt is predicted to
some specific value, while the amplitude is free. As such,
we first consider the scenario in which the tilt is fixed at
na = 3/2, as predicted by the multi-speed inflation model,
and forecast the detectability of A0 with 21 cm experiments
in this case. This scenario can be treated as the minimal
set of power asymmetry model, since non-zero detection of
A0 would directly confirm the hemispherical power asym-
metry at the scale of relevance to 21 cm experiments. We
then investigate the general scenario in which both A0 and
na are free. The constraint of the tilt would tell the shape,
or the scale dependence, of power asymmetry. The fiducial
values are taken at A0 = 0.072, as indicated by CMB ex-
periments (Ade et al. 2016b) and consistent with previous
work (Akrami et al. 2014; Yang et al. 2017), and na = 3/2,
unless noted to be varied.
For 21 cm observational data, we first consider the 21-
cm power spectrum measurement from a single redshift-
bin at z = 11.24 and at z = 10.00, which corresponds
to x¯HI ≈ 0.67 and 0.33 in our fiducial reionization model,
respectively, for illustrative purpose. We then consider the
information of 21-cm power spectra from multiple redshift-
bin measurements by combining 7 redshift bins with a total
bandwidth of 42 MHz (z ≈ 9.5− 13.4).
MNRAS 000, 1–8 (2019)
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ESMR pheno-model
x¯HI Experiment A0 ζESMR A0 x¯HI bρHII[
F.V. 0.072 50.0 0.072 0.67 5.89
]
0.67 SKA2 0.14 0.38 0.35 0.056 1.23
Omniscope 0.0053 0.0088 0.0060 0.0010 0.021[
F.V. 0.072 50.0 0.072 0.33 5.12
]
0.33 SKA2 0.41 2.85 0.43 0.12 1.09
Omniscope 0.0054 0.0218 0.0054 0.0036 0.031
Table 2. The 1σ forecast errors at x¯HI ≈ 0.67 (z = 11.24) and
x¯HI ≈ 0.33 (z = 10.00), respectively. “F.V.”means fiducial values.
Here we have fixed the tilt of power asymmetry at na = 3/2, and
assume the integration time of 1000 hours for the survey.
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Figure 1. Left: the 1σ forecast error ∆A0 for the amplitude of
power asymmetry A0 as a function of its own fiducial value, when
the tilt of power asymmetry is fixed at na = 3/2. Right: ∆A0 as a
function of the fiducial value of na, when na is fixed, and we take
the fiducial value A0 = 0.072. Here we assume a measurement of
a single redshift bin at z = 11.24 (x¯HI ≈ 0.67) by the Omniscope
with 1000 hours integration time, and employ the ESMR model.
For the methodology of modelling reionization, we use
both the ESMR model and the pheno-model for single
redshift constraints. Since in the pheno-model x¯HI(z) and
bρHII(z) at different redshift bins are independent parame-
ters, combining 21 cm power spectra from multiple redshift
bins cannot improve the sensitivity of power asymmetry pa-
rameters with the pheno-model (Mao et al. 2013). Thus we
only employ the ESMR model for multiple redshift-bin mea-
surements.
We assume the fiducial value of ζESMR = 50.0, which, in
the case of no power asymmetry, corresponds to x¯HI = 0.67
(0.33) and bρHII = 5.89 (5.12) at z = 11.24 (10.00), respec-
tively, and, for multiple redshift-bin measurements, x¯HI =
0.13 − 0.91 for the redshift range z ≈ 9.5− 13.4.
3.1 Constraints from single-redshift
measurements
3.1.1 Fixing na
We first consider the constraints from a single redshift, and
fix the tilt of power asymmetry at na = 3/2. Table 2 shows
the 1σ forecast error ∆A0, marginalized over ζESMR in the
ESMR model and over x¯HI and bρHII in the pheno-model,
respectively. We find that ∆A0 given by these two models
are almost identical for the Omniscope, and comparable for
SKA2. ∆A0 by the pheno-model is larger than that by the
ESMR model, due to the degeneracy between A0 and x¯HI.
For this reason, we choose the ESMR as our fiducial reion-
ization model.
We find that the constraints ∆A0 from the Omniscope
are more than 20 times tighter than given by SKA2. This is
due to two reasons. First, the Omniscope has much more re-
dundant baselines for power spectrum measurements, which
significantly reduces the thermal noise. Secondly, the Omnis-
cope can observe the whole sky simultaneously, so it exploits
the dependence of asymmetric power spectrum on the LOS
direction with respect to the preferred direction to break the
degeneracy between A0 and x¯HI, according to Eqs. (1) and
(3). For the SKA, nevertheless, we assume that the telescope
points to the preferred direction, which we tested gives bet-
ter constraints than pointing to other directions, and thus
such dependence is weakly exploited.
For measurements from different single redshift-bins,
i.e. centred at z = 11.24 (x¯HI = 0.67) and z = 10.00
(x¯HI = 0.33), respectively, ∆A0 for the same experiment
and same model are comparable.
In Figure 1, we test the dependence of the forecast er-
ror ∆A0 on the fiducial values we assumed. We find that
∆A0 is independent of the fiducial value of A0. However,
∆A0 is sensitive to the fiducial value of na: when varying na
from 0 to 3, ∆A0 increases by an order of magnitude. This
implies that the detectability of power asymmetry at the in-
termediate scales by 21 cm power spectrum measurements
is independent of its amplitude, but the constraint is sensi-
tive to its scale-dependence na and, therefore, the forecast
does depend on specific inflation models which give different
predictions of na.
3.1.2 Relaxing na
We now relax na, so both A0 and na are allowed to vary as
free parameters. The 1σ forecast error from single redshift is
listed in Table 3. We find that for the SKA2, the constraint
∆A0 when relaxing na is comparable to (but larger than)
the result when fixing na. However, for the Omniscope, ∆A0
is increased 5 times larger by relaxing na. Since the measure-
ments from the Omniscope is nearly cosmic variance limited,
its constraints are more affected by the degeneracy between
∆A0 and na.
For the comparison between different experiments when
relaxing na, we find that the Omniscope can still put con-
straints on power asymmetry parameters A0 and na with
accuracies ∆A0 and ∆na more than 20 times tighter than
the SKA2.
For the comparison between different reionization mod-
els, similar to the case of fixing na, the results using the
Omniscope agree very well. For the SKA2, however, ∆A0
from the pheno-model is 3 times larger than that from the
ESMR model, and ∆na from the pheno-model is an order
of magnitude larger.
For the comparison between different redshifts, similar
to the case of fixing na, the results for the same experiment
and same model are comparable.
When relaxing na, in Figure 2, we test the dependence
of the forecast errors ∆A0 and ∆na on their fiducial values.
We find that ∆A0 is independent of the fiducial value of A0.
Similarly, ∆na is only weakly dependent of A0. However,
both ∆A0 and ∆na are sensitive to the fiducial value of na:
when varying na from 0 to 3, both ∆A0 and ∆na increase
by about an order of magnitude. This confirms our previous
conclusion that the constraints on power asymmetry are in-
dependent (or weakly dependent) of the amplitude, but the
errors strongly rely on the scale dependence of power asym-
metry and, therefore, on the inflation models.
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ESMR pheno-model
x¯HI Experiment A0 na ζESMR A0 na x¯HI bρHII[
F.V. 0.072 1.5 50.00 0.072 1.5 0.67 5.89
]
0.67 SKA2 0.44 6.58 0.38 1.28 86.31 0.73 16.11
Omniscope 0.029 0.44 0.0088 0.030 0.46 0.0011 0.022[
F.V. 0.072 1.5 50.00 0.072 1.5 0.33 5.12
]
0.33 SKA2 0.54 14.05 5.02 1.69 111.53 0.48 8.66
Omniscope 0.027 0.41 0.022 0.028 0.43 0.0037 0.032
Table 3. The same as Table 2, but here both A0 and na are free parameters.
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Figure 2. From the left to right: the 1σ forecast error ∆A0 and ∆na as a function of the fiducial value of A0 and na, respectively.
Here both A0 and na are free parameters. Their fiducial values are taken at A0 = 0.072 and na = 3/2 unless varied. Here we assume
a measurement of a single redshift bin at z = 11.24 (x¯HI ≈ 0.67) by the Omniscope with 1000 hours integration time, and employ the
ESMR model.
Fixing na = 3/2 Relaxing na
Experiment Integration time A0 ζESMR A0 na ζESMR[
F.V. 0.072 50.00 0.072 1.5 50.00
]
SKA2 1000 hours 0.028 0.16 0.22 3.35 0.17
Omniscope 1000 hours 0.0013 0.0036 0.011 0.17 0.0037
Omniscope 4000 hours 0.0011 0.0025 0.0099 0.15 0.0025
Table 4. The 1σ forecast errors from the 21 cm power spectra by combining 7 redshift bins z ≈ 9.5− 13.4 (x¯HI ≈ 0.13− 0.91). Here we
employ the ESMR model.
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Figure 3. Degeneracy of the 1σ forecast errors between ζESMR,
A0, and na, assuming the combination of 7 redshift-bin measure-
ments (z ≈ 9.5 − 13.4) from the Omniscope with 4000 hours
integration time. The fiducial values are taken at ζESMR = 50.0,
A0 = 0.072, and na = 3/2.
3.2 Constraints from multiple-redshift
measurements
We now consider the scenario in which the 21 cm power spec-
tra from 7 redshift bins are combined to constrain the power
asymmetry. The redshift range is z ≈ 9.5−13.4, correspond-
ing to the evolution of reionization at x¯HI ≈ 0.13− 0.91. We
only employ the ESMR model for the analysis here and show
the results in Table 4. When fixing na, we find that combin-
ing 7 redshift bins can improve the constraint on A0 by 5
times tighter than that from a single redshift bin. The con-
straint on the amplitude given by the SKA2 is ∆A0 = 0.028,
and it is expected that the Omniscope can improve this
bound by an order of magnitude. When relaxing na, the
constraints on both A0 and na are improved by about 2
times tighter when compared with the single-redshift mea-
surements. This holds for both SKA2 and Omniscope.
When combining 7 redshift bins, the error of A0 by re-
laxing na is an order of magnitude larger than by fixing
na, for both SKA2 and Omniscope. When comparing the
results between different experiments, similar to the con-
straints from single redshift, the Omniscope can constrain
both A0 and na about 20 times tighter than the SKA2.
While SKA2 has large collection area which results in a high
signal-to-noise ratio, the Omniscope measures a baseline sev-
eral times to reduce its noise as well as its large field of view,
enabling it to collect more data.
The Omniscope measurements are nearly cosmic vari-
ance limited. To demonstrate this, increasing the integration
time 4 times longer (to 4000 hours), which reduces thermal
noise, makes almost no difference in the forecast error ∆A0
and ∆na, both for fixing na and relaxing na.
In Figure 3, we investigate the degeneracy between A0,
na, and ζESMR, when relaxing na, and show the 1σ contours.
We find that there is no significant degeneracies between
ζESMR and A0, and between ζESMR and na. This is expected,
since reionization is not fundamentally affected by the power
asymmetry. However, the power asymmetry parameters A0
and na are strongly degenerate. This is consistent with the
finding that relaxing na results in much larger error ∆A0.
Our upshot is that in the general case, i.e. when relax-
ing na, a tomographic, multi-frequency, measurements from
the Omniscope can put an constraint on A0 with the ac-
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curacy ∆A ≃ 0.01. Not only can the multi-frequency mea-
surements by Omniscope realize higher precision in mea-
suring the amplitude of power asymmetry than the current
Planck CMB experiment, but also this new constraint will
be on different scales of relevance to 21 cm experiment,
0.056 . k21cm . 0.15Mpc
−1 in our analysis. An observa-
tional constraint on the scale dependence parameter na may
also be achieved by the Omniscope. We should note, how-
ever, that the aforementioned results are strongly depen-
dent on the underlying inflation models that give different
predictions of the scale dependence na for primordial power
asymmetry.
3.3 Comparison with previous work
Previously, Shiraishi et al. (2016) suggested that the angu-
lar power spectrum of the 21 cm fluctuations from the dark
ages could be employed to test the power asymmetry. Simi-
lar to our results, they also found that the SKA cannot place
better constraints on the amplitude of the power asymme-
try than the CMB experiments, but futuristic 21 cm experi-
ments are more promising. In comparison, our work opens a
new avenue for testing the power asymmetry with the 21 cm
3D power spectrum from the EOR, in which the 21 cm ob-
servations can be technically less difficult than in the dark
ages due to less foreground contamination and less thermal
noise at lower redshifts. Our work considers not only the
case of fixing the tilt na, but also the general case in which
the shape of scale dependence in power asymmetry is al-
lowed to change by varying the tilt, while the shape of scale
dependence is fixed in Shiraishi et al. (2016) by their choos-
ing two simpler parameterizations, A(k) ∝ (1 − k/kLSS) or
A(k) ∝ (1− k/kLSS)2.
4 CONCLUSIONS
We propose a new parametrization of the scale-dependent
hemispherical power asymmetry for the power spectrum of
primordial curvature perturbations, inspired by the multiple
sound speed inflation model. This parametrization reconciles
the conflict between observational constraints from the CMB
data on large scales and quasar observations on small scales.
We investigated the 21 cm power spectrum from the
EOR with such power asymmetry, based on the excursion
set model of reionization as well as the pheno-model. Using
the Fisher matrix formalism, we forecast the accuracy with
which future 21 cm observations such as the SKA2 and the
Omniscope can put constraints on the power asymmetry pa-
rameters, A0 (amplitude) and na (scale-dependence or the
tilt of power asymmetry).
We find that a multi-frequency measurement with the
SKA2 can constrain the amplitude with ∆A0 ≃ 0.2. This
constraint can be improved to ∆A0 ≃ 0.01 with the Omnis-
cope. Furthermore, if the tilt na is fixed, then the constraint
on the amplitude can be further improved to ∆A0 ≃ 0.03
with the SKA2 and ∆A0 ≃ 0.001 with the Omniscope.
However, even for a multi-frequency measurement with
the SKA2, the forecast error on the tilt ∆na ≃ 3 is too large
to be useful, due to strong degeneracy between A0 and na.
In the long run, the Omniscope can offer tighter constraints
on the tilt ∆na ≃ 0.2, which will provide supports for the
scale dependence of power asymmetry, with a caveat that
the error may depend on the fiducial value of na.
The intermediate scales at which 21 cm power spec-
trum measurements can serve as a new window to test the
power asymmetry of the Universe is at 0.056 . k21cm .
0.15Mpc−1, complementary to the larger scale probed by
the CMB and the smaller scale probed by the LSS. Such
measurements will help further constrain inflation models
through their predictions of power asymmetry.
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